Abstract: Let = 0 be a plane algebraic curve of degree > 1 with an isolated singular point at 0 ∈ C 2 . We show that the Milnor number µ 0 ( ) is less than or equal to ( − 1) 2 − [ /2], unless = 0 is a set of concurrent lines passing through 0, and characterize the curves = 0 for which
] be a polynomial of degree > 1 such that the curve = 0 has an isolated singularity at the origin 0 ∈ C 2 . Let O = O C 2 0 be the ring of germs of holomorphic functions at 0 ∈ C 2 . The Milnor number
is less than or equal to ( − 1) 2 by Bézout's theorem. The equality µ 0 ( ) = ( − 1) 2 holds if and only if is a homogeneous polynomial. The aim of this note is to determine the maximum Milnor number µ 0 ( ) for non-homogeneous polynomials (Theorem 1.1) and to characterize the polynomials for which this maximum is attained (Theorem 1.4). The general problem to describe singularities that can occur on plane curves of a given degree was studied by Greuel, Lossen and Shustin in [4] (see also [9, Section 7.5 ] for further references). A bound for the sum of the Milnor numbers of projective hypersurfaces with isolated singular points was given recently by June Huh in [7] . Note here that a result of this type follows from Plücker-Teissier's formula for the degree of the dual hypersurface (see [8, Appendix II.3, p. 137] ). To compare the two bounds let us consider the case of plane curves. Let C be a plane reduced curve of degree > 1. For any ∈ C we denote µ = µ (C ) the Milnor number and = ord C the order of C at . From Plücker-Teissier's formula (see [8, Let be a point of C . Then June Huh's bound (see [7, Theorem 1] ) is µ + − 1 ( − 1) 2 , unless C is a cone with the apex 0.
Let us recall usual notions and conventions. By the curve = 0 we mean (see [2, Chapter 3] ) the linear subspace
If the polynomial has no multiple factors then we identify the curve = 0 and the set {P ∈ C 2 : (P) = 0}. We denote by ord 0 the order of the polynomial at 0 ∈ C 2 and by 0 ( ) = dim C O ( ) the intersection multiplicity of the curves = 0 and = 0 at the origin. Then 0 ( ) ord 0 ord 0 with equality if and only if the curves = 0 and = 0 are transverse at 0, i.e. do not have a common tangent at 0. The curve = 0 has an isolated singular point at 0 if ord 0 > 1 and µ 0 ( ) < +∞. Note that is a homogeneous polynomial of degree > 0 if and only if ord 0 = .
Results
For any ∈ R we denote by [ ] the integer part of . The main result of this note is Theorem 1.1.
We prove Theorem 1.1 in Section 3. The bound in the theorem is exact.
Example 1.2.
Let > 1 be an integer. Put
Then is a polynomial of degree and µ 
Remark 1.5.
The implication (ii) ⇒ (i) holds for any > 2. The assumption = 4 is necessary for the implication (i) ⇒ (ii). Take ( ) = 3 − 2 which is a simple singularity of type E 7 . Then is of degree = 4, µ 0 ( ) = ( − 1) 2 − [ /2] = 7 and condition (ii) fails.
Preparatory lemmas
Let us begin with the following well-known properties of the Milnor number.
Lemma 2.1. Lemma 2.7.
Proof. Let 
Proof of Theorem 1.1
Let be a polynomial of degree > 1 such that (0) = 0 and µ 0 ( ) < +∞. We assume that is not homogeneous. Let be the number of irreducible components of the curve = 0 passing through 0 ∈ C 2 .
Lemma 3.1.
Proof. Suppose that
. By the first part of Lemma 2.5 we get µ 0 ( ) (
Proof. Write The implication (ii) ⇒ (i) follows immediately from Lemma 2.1 (ii).
